Abstract. We prove that if/: M 2^ M 2 is pseudo-Anosov and if g = / then there is a closed subset X <= M 2 and a continuous surjection n: X -* M that is homotopic to inclusion such that /° v = TT ° g\X.
Introduction
In this paper we consider A. B. Katok's notion of K-global shadowing (defined in § 1) as it applies to a pseudo-Anosov homeomorphism f:M 2^M2 on a closed surface. It is an equivalence relation which allows one to compare the orbits of/ with the orbits of any map g:M
2^M2
that is homotopic to / We write ( / x) ~K (g, y), or ( / x) ~ (g, y) when K is unspecified.
Global shadowing in a pseudo-Anosov homotopy class generalizes two other well known and useful equivalence relations:
(A) When x and y are fixed points of/" and g" respectively (n>0), then ( / x) ~ (g, y) if and only if (/", x) is Nielsen equivalent to (g", y) . (B) When K = e is sufficiently small and g is e-close to / in the C°-topology, then ( / x) ~ (g, y) if and only if the /-orbit of x e-shadows (in the sense of [B] ) the pseudo-orbit of / defined by the g-orbit of y. Lewowicz [L] has considered eshadowing in the pseudo-Anosov context. Thurston showed ( [T] ; Lemma 2.1 below) that from the point of view of Nielsen equivalence, / has the minimal number of periodic points among all maps in its homotopy class. Our first theorem shows that from the point of view of global shadowing, / has the minimal number of orbits among all maps in its homotopy class. ) ; if x is f-periodic with least period n, then y can be chosen to be g-periodic with least period n.
Our second theorem is a uniformization of theorem 1. When / is Anosov rather than pseudo-Anosov, then theorem 2 reduces to the fact (proposition 2.1 of [F] ) for all x , , x 2 e M a n d all lifts / o f / 
M. Handel that any m a p that is h o m o t o p i c to an A n o s o v d i f f e o m o r p h i s m is s e m i -c o n j u g a t e (by a m a p w h i c h is h o m o t o p i c to the identity) to that A n o s o v d i f f e o m o r p h i s m . T H E O R E M

Remark. T h e stable a n d u n s t a b l e foliations f o r / lift to stable a n d unstable foliations f o r / . G i v e n X | , x 2 e M, D s (x u x 2 ) is defined to b e the m i n i m u m length, with respect to the transverse m e a s u r e o n the stable foliation o f / o f an arc c o n n e c t i n g x, to x 2 . T h e f u n c t i o n D u is defined similarly with respect t o the unstable foliation. W e fix o n c e a n d for all a lift / : M -» M o f / to the universal cover M o f M. A s g is h o m o t o p i c to / there is a u n i q u e lift g: M -> M w h i c h is equivariantly h o m o t o p i c t o / .
Definition
( A . B. K a t o k ) . T h e / -o r b i t o f x is
W e write (fx) ~K (g, y ) or ( / x ) ~ (g, y ) if the s h a d o w i n g c o n s t a n t K is unspecified.
Remark. T h e e q u i v a l e n c e classes ( / x ) ~ (g, y ) are n o t d e p e n d e n t o n the c h o i c e o f equivariant metric in the definition o f g l o b a l s h a d o w i n g . W e u s e D b e c a u s e it is c o n v e n i e n t for c o m p u t a t i o n s .
Definition
If x is a fixed p o i n t o f / " a n d x is a lift o f x, t h e n f"{x) = sx for s o m e c o v e r i n g translation 5 o f M. Similarly, if y is a fixed p o i n t o f g" a n d y is a
Global shadowing 375 lift of y, then g"(y) = ty for some covering translation f. We say that (/", x) and (g", y) are Nielsen equivalent if there exist x and y such that s = t.
The following lemma establishes relationship (A) stated in the introduction. 
is a covering translation and D is equivariant.
) takes on only finitely many values and is bounded.
Since any bounded subset of M intersects only finitely many lifts of y, (s~ g") fixes both y and 5"'g n (y) = s~l ty for some k > 0. This implies that (s' l g") k commutes with the covering translation s~*t and hence by property (1.2) that s~lt = identity.
•
Proofs of theorems 1 and 2
We begin this section with a proof of a result of Thurston which, in conjunction with lemma 1.7, implies that/-periodic orbits of least period n are globally shadowed by g-periodic orbits of least period n. The heart of this paper (lemma 2.2) is the observation that there is a uniform bound to the shadowing constants produced by lemma 2.1.
LEMMA 2.1 [T] . (i) Ifx x andx 2 are distinct fixed points off then (/", xj and (/", x 2 ) are not Nielsen equivalent.
(ii) If x is f-periodic with least period n, then there exists y which is g-periodic with least period n and such that (/", x) is Nielsen equivalent to (g n , y).
